An effective Lagrangian for Yang-Mills theories with an arbitrary number of extra dimensions is constructed. We start from a field theory governed by the extra-dimensional Poincaré group ISO(1, 3+n) and by the extended gauge group SU (N, M 4+n ), which is characterized by an unknown energy scale Λ and is assumed to be valid at energies far below this scale. Assuming that the size of the extra dimensions is much larger than the distance scale at which this theory is valid, an effective theory with symmetry groups ISO(1, 3) and SU (N, M 4 ) is constructed. The transition between such theories is carried out via a canonical transformation that allows us to hide the extended symmetries {ISO(1, 3 + n), SU (N, M 4+n )} into the standard symmetries {ISO(1, 3), SU (N, M 4 )}, and thus endow the Kaluza-Klein gauge fields with mass. Using a set of orthogonal functions {f (0) , f (m) (x)}, which is generated by the Casimir invariantP 2 associated with the translations subgroup T (n) ⊂ ISO(n), the degrees of freedom of {ISO(1, 3 + n), SU (N, M 4+n )} are expanded via a general Fourier series, whose coefficients are the degrees of freedom of {ISO(1, 3), SU (N, M 4 )}. It is shown that these functions, which correspond to the projection on the coordinates basis {|x } of the discrete basis {|0 , |p (m) } generated byP 2 , play a central role in defining the effective theory.
An effective Lagrangian for Yang-Mills theories with an arbitrary number of extra dimensions is constructed. We start from a field theory governed by the extra-dimensional Poincaré group ISO (1, 3+n) and by the extended gauge group SU (N, M 4+n ), which is characterized by an unknown energy scale Λ and is assumed to be valid at energies far below this scale. Assuming that the size of the extra dimensions is much larger than the distance scale at which this theory is valid, an effective theory with symmetry groups ISO (1, 3) and SU (N, M 4 ) is constructed. The transition between such theories is carried out via a canonical transformation that allows us to hide the extended symmetries {ISO(1, 3 + n), SU (N, M 4+n )} into the standard symmetries {ISO(1, 3), SU (N, M 4 )}, and thus endow the Kaluza-Klein gauge fields with mass. Using a set of orthogonal functions {f (0) , f (m) (x)}, which is generated by the Casimir invariantP 2 associated with the translations subgroup T (n) ⊂ ISO(n), the degrees of freedom of {ISO(1, 3 + n), SU (N, M 4+n )} are expanded via a general Fourier series, whose coefficients are the degrees of freedom of {ISO (1, 3) , SU (N, M 4 )}. It is shown that these functions, which correspond to the projection on the coordinates basis {|x } of the discrete basis {|0 , |p (m) } generated byP 2 , play a central role in defining the effective theory.
It is shown that those components along the base state f (0) = x|0 do not receive mass at the compactification scale, so they are identified with the standard Yang-Mills fields; but components along excited states f (m) = x|p (m) do receive mass at this scale, so they correspond to KaluzaKlein excitations. In particular, it is shown that associated with any direction |p (m) = 0 there are a massive gauge field and a pseudo-Goldstone boson. Some resemblances of this mass-generating mechanism with the Englert-Higgs mechanism are stressed.
INTRODUCTION
Fundamental theories at the Plank scale, as superstring theory [1] [2] [3] , require of more than four dimensions in order to be self-consistent. The interest in phenomenological effects produced by new physics involving extra dimensions arose after the works by Antoniadis, Arkani-Hamed, Dimopoulos and Dvali [4] [5] [6] , who argued that relatively large extra dimensions could be detected at the TeV scale. If such large extra dimensions exist, they can affect low energy processes. Therefore, it is interesting to construct an effective theory that allows us to study their impact on low-energy observables. The main goal of this paper is to discuss the theoretical bases that lead to the formulation of such an effective theory. The most interesting aspects, but at the same time more intricate ones, have to do with gauge invariance, so we will focus our discussion on a pure (without matter fields) Yang-Mills theory. Our study will be based on the well-known universal extra dimensions approach [7] . An advancement of the material presented here has been recently reported by some of us [8] . Also, other results that are closely related with this work have been discussed by some of us in Refs. [9] [10] [11] . Our purpose is to deepen these ideas and at the same time to present a unified version of this topic.
Our approach will be based on the notion of hidden symmetry. The concept of hidden symmetry is a powerful instrument that allows to elegantly describe some subtle and complex scenarios of fundamental physics. Hidden symmetry and spontaneous symmetry breaking (SSB) [12] are the cornerstone of the Standard Model (SM) of particle physics. The merger of both ideas is the very essence of the famous Englert-Higgs mechanism (EHM) [13] . In this work, we follow this approach closely to lay the foundations of a Yang-Mills extension to extra flat dimensions. We consider, as a starting point, an action for a field theory defined on a flat-spacetime manifold: M d = M 4 × N n , which is the result of the cartesian product of the four-dimensional Minkowski spacetime M 4 and some n-dimensional noncompact manifold N n that represents a spatial extension. We assume this higher-dimensional theory to be invariant under the Poincaré group ISO(1, 3 + n) and the gauge group SU (N, M d ), which is a gauge group with all of its group parameters defined on M d . Since this theory is not renormalizable in the Dyson's sense, it is given by a
The compactification program comprises a number of nontrivial steps. First, one must define a canonical transformation that maps covariant objets of {ISO(1,
}. This transformation is crucial to hide the extended symmetry into the standard one. Second, since the number of connections of SU (N, M 4 ) is smaller than that of SU (N, M d ), the difference will appear in tensorial representations of SU (N, M 4 ). So from the perspective of the standard SU (N, M 4 ) gauge group, these connections can be endowed with mass. Indeed, it is necessary to endow such connections with mass at the compactification scale R −1 because these new-physics effects must be of decoupling nature in accordance with the Appelquist-Carazzone's decoupling theorem [14] . This means that some instrument analogous to SSB must be available in order to generate such masses. Any new particle that emerges as a consequence of the process of hiding the symmetry must be endowed with mass through that instrument. The pass from the extended symmetry to the standard one should not spoil the gauge structure of the theory, which means that we must be able to examine the physical phenomenon from both the {ISO(1, 3), SU (N, M 4 )} and {ISO(1, 3 + n), SU (N, M d )} points of view. As it occurs in theories with SSB, the hiding of the gauge symmetry manifests itself through the presence of two types of gauge transformations: the standard gauge transformations (SGTs) of the group SU (N, M 4 ) and a set of nonstandard gauge transformations (NSGTs). The NSGTs are determined by gauge parameters which do not belong to the SU (N, M 4 ) gauge group (see Refs. [9] [10] [11] ). A nontrivial consequence of hiding the extended symmetry into the standard one is the presence of an infinite number of basic fields produced by the canonical map. These fields correspond to the so-called Kaluza-Klein (KK) towers; some of these towers involve a field that can be identified with a standard gauge field on M 4 because it does not receive mass from the compactification mechanism, while all the remaining KK fields receive mass through this mechanism.
As commented, our approach is based on the notion of hidden symmetry. Since this concept is central to the SM, one of our main purposes is to establish a parallelism of the Kaluza-Klein mass generating mechanism with the EHM mechanism, highlighting both coincidences and discrepancies. An important goal is to establish the sequence of hiding symmetries:
The rest of the paper has been organized as follows. In Sec. , a qualitative discussion about the EHM at the classical level is presented. The implications of the Lie algebra of the ISO(1, 3 + n) group and its subgroups ISO (1, 3) and ISO(n) on the constants of motion of the system discussed. In Sec. , the conceptual and technical ingredients behind the derivation of the extended four-dimensional Yang-Mills theory are presented. In Sec. , a summary of our results is presented. In and we collect several conventions and integrals that have been used in our derivations.
PRELIMINARIES
One of the purposes of this section is to present a qualitative discussion, at the classical level, of the main features of the EHM. Another point to be discussed has to do with the Lie algebra of the spacetime groups and their associated constants of motion.
The Englert-Higgs Mechanism
In order to establish an appropriate context for our discussion, let us briefly recall the main ingredients of theories with SSB. The degrees of freedom of some gauge field theory under consideration are characterized by connections and tensorial representations of a gauge group G. In the jargon of particle physics, the former are known as gauge fields and the latter are called matter fields. This classification has profound consequences at the quantum level because gauge symmetry only allows mass terms for those fields that appear in tensorial representations of G. Mass terms for gauge fields spoil gauge invariance, so, from the G-group perspective, they are necessarily associated with massless particles. To endow with mass this class of fields, we need to approach the theory from another perspective, in which some of the gauge fields of G look like matter fields. This change of perspective can be implemented through a canonical transformation that allows us to map covariant objets of G into covariant objets of one of its subgroups, H. Since the number of connections of H is smaller than that of G, the connections that do not belong to H will appear in tensorial representations of it. So, to endow some of the connections of G with mass, one needs to hide the G symmetry into the H symmetry. This does not mean, though, that the G symmetry is lost, since the canonical map can be reversed. The concept of hidden symmetry is central to the EHM [13] , which allows us to generate masses for gauge fields through the phenomenon of SSB [12] .
The SSB of a continuous symmetry occurs in presence of an infinitely-degenerate vacuum, which has its origin in a scalar potential with very peculiar features. In the simplest scenario, this potential defines a spherical surface of radius v on which the system has its minimal energy. All the points on the sphere are physically equivalent because they are related by the G group. To breakdown G into H, a particular point of the sphere, characterized by a constant vector Φ 0 , must be chosen. It is said that the group G is broken into its subgroup H at the scale v, in the sense that the Φ 0 direction is left invariant by the H group, that is, Φ 0 is annihilated by the generators Tā of H. If the symmetry is global, we have the Goldstone theorem, which tells us that for each broken generator of G (those generators Tâ of G such that TâΦ 0 = 0) there is an associated massless scalar particle (Goldstone boson). If G is a gauge group, the gauge fields associated with the broken generators of G acquire a mass proportional to the scale v. This is the celebrated EHM. Its physical meaning is very interesting: at energy scales of order of v, the phenomenology is explained by the H group, but at energies far above of v, we must use the G perspective to describe the physical phenomena. Thus, whether we describe phenomena through the group G or the group H is a matter of energy scales. Below, we follow this approach closely to construct a Yang-Mills extension to extra dimensions.
Spacetime constants of motion
In a flat d-dimensional spacetime, with d = 4 + n, the Poincaré group ISO(1, d − 1) is defined through its generators, whose number is equal to 
It is not difficult to see that there are two merged subalgebras in this algebra. One of them corresponds to the standard Poincaré group ISO(1, 3),
whereas the other is associated with the inhomogeneous orthogonal group in n dimensions, ISO(n):
[Jμν , Jρσ] = i (δμσJνρ − δμρJνσ − δνσJμρ + δνρJμσ) .
By identifying P 0 with the Hamiltonian of the system, we can see, from Eqs. (2) and (3), that the generators P µ , Pμ, J ij , and Jμν are all constants of motion. This in turn implies that all the generators of the inhomogeneous ISO(n) group are constants of motion. As we will see later, this fact plays a central role in the mechanism to generate the Kaluza-Klein mass spectrum. On the other hand, it is easy to see that the generators of boosts J 0i and J 0μ are not conserved quantities. Below, we will profit from this discussion on constants of motion; the Casimir invariant PμPμ will be used to define a complete set of orthogonal functions that determines 1) a canonical map to change the perspective of the theory from extra dimensions to four dimensions, and 2) a mass spectrum for KK modes that is in accordance with the decoupling theorem.
YANG-MILLS THEORIES WITH EXTRA DIMENSIONS
The starting point is an effective gauge field theory that is governed by the extended groups {ISO(1, 3 + n), SU (N, M d )}, and whose gauge parameters are defined all over the spacetime
The action of the theory is assumed to be a functional on gauge fields. Since the theory is not renormalizable in the Dyson's sense, the corresponding action consists of an infinite series of Lorentz and gauge invariant terms of growing canonical dimension, that is,
where
with
In this expression, g 4+n and f abc are the coupling constant and the structure constant of the SU (N, M d ) group. Under the extended gauge group SU (N, M d ), the connection and curvature components transform, respectively, as
where α a (x,x) are the gauge parameters and
is the covariant derivative in the adjoint representation of the group. In the expression (12), L (d+d) represents gauge-and Lorentz-invariant interactions of canonical dimension greater than d, formulated from curvatures F a MN and its covariant derivatives
The first term in the right-hand side of Eq. (12) corresponds to a straightforward extension of the functional structure of the well-known Yang-Mills Lagrangian from four dimensions to d dimensions. Terms of greater dimension are suppressed by inverse powers of Λ, which is assumed to be far above the explored energies. In fact, according to the effective Lagrangian approach, this theory is valid only for energies less than Λ. We assume that the size of the extra dimensions is so large compared with this energies that it actually can be considered as infinite. This justifies the ISO(1, 3 + n) description of the effective theory (12) . Note that the first term in Eq. (12) does not depend on the Λ scale, although it does depend on dimensionful coupling constant. As we see below, this term plays a central role in the {ISO(1, 3), SU (N, M 4 )} description.
Our main goal is to construct a Yang-Mills extension to extra dimensions. To do this, we need to define canonical maps that allow us to descend towards low-energy regimes in accordance with the pattern of hiding symmetries that we schematized in Eq. (1). To carry out this program, we stress that SO(1, 3) and SO(n) are subgroups of SO(1, 3 + n). Also, note that the gauge fields A 
Hiding the symmetry
From now on, we will focus on the first term of the effective Lagrangian given by Eq. (12), which defines the action
To hide the symmetry
. We first map covariant objets of SO(1, 3 + n) into covariant objets of its subgroups {SO(1, 3), SO(n)}:
This map in turn leads to the curvatures
with The maps (16) and (17) allow us to pass from the action (15) to an action given by
which is manifestly invariant under the SO(1, 3) and SO(n) groups. Although from the SO(1, 3) perspective the larger symmetry SO(1, 3 + n) seems to have disappeared, this is not actually the case, as one can trivially pass from the action (18) to the action (15) where this symmetry is manifest. What really happened is that the map (16) hid the SO(1, 3 + n) symmetry. We can see that this map splits Eq.(14a) into two identical expressions for the A a µ (x,x) and A ā µ (x,x) connection components; whereas Eq.(14b) has been split into three identical expressions for the curvature components {F a µν (x,x), F a µν (x,x), F ā µν (x,x)}. This means that the action (18) remains governed by the gauge group SU (N, M d ). Evidently, this point map can easily be elevated to a canonical map at the phase space.
The map given in (16) accommodates representations of SO(1, 3 + n) into representations of the groups SO(1, 3) and SO(n). However, to move completely from the extended symmetry to the standard one, we need to remove any dependence on thex coordinates from the theory. This step is nontrivial because, in the original theory, these coordinates play the role of labels that count degrees of freedom. In other words, we need to define another canonical map that allows us to remove any manifest dynamical role of the ISO(n) subgroup. To do this, assume that some compactification procedure on the N n submanifold has been carried out, and let {f (m) (x)} be a complete set of orthogonal functions defined on the compact manifold. Then, the fields appearing in (16) and the gauge parameters, α a (x,x), can be decomposed in this basis through a general Fourier series as follows:
and analogous expressions for Π a µ and Π ā µ , which are the canonical conjugates of A a µ (x,x) and A ā µ (x,x), respectively. The symbol (m) is defined in . In the above map, the degrees of freedom are characterized by the infinite set of fields
functions do not represent degrees of freedom. Assuming that the functions of this set are normalized, the above maps can be reversed to obtain
On the other hand, using the orthonormality of the f (m) (x) functions, it is easy to show that the fundamental Poisson's brackets
become
Here the symbol δ (mn) stands for the following product of Kronecker's deltas:
This shows that the transformations given by Eqs. (19a) and (19b) correspond to a canonical map [10] . It should be stressed that this result does not depend on the scheme used to carry out the compactification, it only depends on the completeness of the {f (m) (x)} basis. 3) , respectively. However, it is not clear how these objets transform under the standard SU (N, M 4 ) gauge group; this point remains dark so far. To clarify it, note that the constant function f (0) may be an element of the set of functions {f (m) (x)}. From now on, we will assume that the constant function belongs to this set of complete functions. As already noted, according to map (16) , the variation of the connections A a M (x,x) given by Eq. (14a) unfold into
Then, taking into account the canonical map given by Eqs. (19a) and (19b), and using the orthogonality of the set
the dimensionless constant coupling. The symbol ∆ (mrs) appearing in the above expressions is given by
which will be defined more precisely later. In previous expressions, generic quantities of the way ϕ 
These expressions, which we call the SGTs, mean that A (x) transform as matter fields (in the adjoint representation) under this group. So far, everything seems to be going well. However, we must take into account the physical requirement that the standard pure Yang-Mills theory must be recovered in the limit R → 0. In other words, the new-physics effects must decouple, in accordance with the decoupling theorem [14] . Nevertheless, the usual pure Yang-Mills theory does not have scalar fields, so the existence of such fields must be exclusively linked to the presence of extra dimensions. To establish this link, note that the only element of the set of basis functions which does not depend on the geometrical details of the compact manifold is the constant function f (0) . It is inferred from this that, in general, any field without standard counterpart does not have component along f (0) . The fact that the constant function is trivially even under the interchangex → −x suggests that the basis {f (0) , f (m) (x)} of functions can be reorganized into two independent bases, one containing the even functions, {f
E (x)}, and the other containing the odd functions, {f
O (x)}. Then, we postulate that any field with standard counterpart is even under the reflectionx → −x, while those without standard counterpart are odd with respect to such a transformation. Accordingly, Eqs.(19a, 19b, 19c ) take the form
Also, this assumption eliminates Eqs.(26a,29c) and reduces Eq.(26b) to
while Eqs.(27a,27b) becomes
Observe that, due to the parity of the base functions, the symbol given by Eq.(28) has been divided into the following symbols:
Directly from their definitions, we can see that ∆ (mrs) is symmetric in all its indices, while ∆ ′ (mrs) is symmetric only under the interchange of the first two indices. Note that to determine these symbols we need to specify the set of functions f (m) (x).
In order to identify the variations of the fields A (m)a (x) equal to zero, but such parameters define transformations of these fields as well. This fact should not surprise us, as it is inherent to the implementation of a canonical transformation to hide a gauge symmetry. When the map connects two different Lie groups, that is, it connects the gauge group G to one of its subgroups H, the parameters analogous to α (m)a (x) are those associated with the generators of G which do not belong to H. In our case, the map is between two different gauge groups that are identical as Lie groups. However, in both cases, the presence of these parameters tells us that there is a larger gauge symmetry. The parameters α (m)a (x) play a central role in quantizing the theory [9] in the context of the BRST formalism [16] . It should be stressed that the gauge structure of the original theory is not spoiled, since the algebra satisfied by the constrains of the theory is given in terms of Poisson's brackets [17] , which are preserved by canonical maps (see Ref. [10] ). A direct consequence of this is the fact that the KK excitations A } fields appear as matter fields under the SU (N, M 4 ) perspective, so they can be endowed with mass. However, not all these fields can be identified as gauge fields, since there must be a one-to-one relation between gauge fields and gauge parameters. It is not difficult to convince ourselves that the only possibility is A fields are not gauge fields, as it was expected. At this stage, we can ask the following question: what is the instrument analogous to SSB that allows us to endow these fields with mass? We now answer this question.
Mass spectrum
Previously, we have shown how to hide the {ISO(1, 3 + n), SU (N, M d )} symmetry into the standard {ISO (1, 3) , SU (N, M 4 )} symmetry through the canonical transformations (16) and (30a,30b,30c). The next step is to identify the mechanism that allows us to endow the gauge, A (m)a µ (x), and scalar, A (m)ā µ (x), fields with mass, proportional to the compactification scale R −1 . In this respect, we observe that such a mechanism is contained in the very structure of the theory. To see this, note that the curvatures F a µν (x,x), F a µν (x,x), and F ā µν (x,x) arex-even, x-odd, andx-even, respectively, so they can be expressed in the {f
O (x)} bases, as follows:
Then, after integrating over the extra coordinates in the action (18), we have an effective Lagrangian given by
Note that the Lagrangians (38b) and (38c) correspond to a scalar kinetic sector and to a scalar potential, respectively. This means that masses for the gauge, A (m)a µ (x), and scalar, A (m)ā µ (x), fields can arise from the Lagrangians (38b) and (38c), respectively. The presence of quadratic terms in (38b) and (38c) can be seen noting that the 1-form and 0-form that define these Lagrangians have parts that are linear in fields:
The structures of Eqs. (39a) and (39b) are quite illuminating. Firstly, note that the functions ∂μf 
O (x)}. To generate this complete set of functions, we need some observable that can be associated with extra dimensions. By observable we mean a Hermitian operator that allows us to generate an orthogonal basis which is associated to a set of real eigenvalues. In this respect, we note that we have at our disposal the (n + 1)/2 Casimir invariants [15] of the inhomogeneous ISO(n) group, whose generators, as it was shown in Sec. , are all constants of motion. One of these invariants is the one associated with the translations group T (n), given byP 2 = PμPμ. If {|p } is the ket basis generated by Pμ, that is, Pμ|p = pμ|p , then x|Pμ|p = ∂μf (x). These kets are eigenkets of the Casimir invariant, that is,P 2 |p =p 2 |pμ . So, in the coordinates basis {|x }, we have the eigenvalue equation for the Laplacian△ ≡ ∂μ∂μ,
Clearly, the solutions of this equation are plane waves exp(ip ·x), that is, a linear combination of n-dimensional sines and cosines. In an infinite space, the spectrum is continuous, but our manifold is compact. We assume that each coordinatex i is coiled in a circle S 1 of radius R i , and since we need to define, besides periodicity, parity on the manifold, we introduce the orbifold S 1 /Z 2 . Then, we assume a compact manifold made of n copies of the S 1 /Z 2 orbifold. It is assumed, for simplicity, that all radii are equal, R 1 = · · · = R n ≡ R. Then, we can see that the set of odd functions, {f O (x)}, are n-dimensional sines, which satisfy Dirichlet's boundary conditions; whereas the set of even functions, {f
E (x)}, are the constant function and n-dimensional cosines, which satisfy Neumann's boundary conditions. The spectrump 2 , which will be denoted by m
µ , is discrete; it is given by m E has eigenvalue equal to zero (p = 0) means that the standard fields do not receive mass at the R −1 scale. Accordingly, the set of maps (30a, 30b, 30c) and (36a, 36b, 36c) are given by even or odd n-dimensional Fourier series. The set of functions {f
With the help of the set of trigonometric functions introduced above, we can rewrite the expressions (39a) and (39b) as follows:
Recall that we are assuming that all radii R i are equal. On the other hand, the 2-form curvature components {F
µν (x)} are given by
are the curvature components associated with the standard gauge group SU (N, M 4 ). Note that the right-hand side of Eqs. (46) As far as the mass terms for the KK A (m)a µ (x) fields are concerned, using the expression for the 1-form curvature (42a), the Lagrangian (38b) becomes
Observe the resemblance of this term with a Higgs kinetic term. In fact, it has the same gauge and Lorentz structures of these kind of terms. In particular, we would like to highlight the presence of mass terms for the KK vector A , with n = 1, 2, . . . , n − 1. Using the above expressions for the 0-form curvature components, it can be seen that
where, for each possible value of (m), the corresponding n × n symmetric mass matrix is
This matrix, whose mathematical structure is directly dictated by gauge invariance, naturally leads to the existence of a massless scalar field. To see this, we take the trace in Eq. (49) to obtain
which shows that there exist (n − 1) mass-degenerate physical scalar fields and a massless scalar field, which can be identified with a pseudo-Goldstone boson. This matrix can easily be diagonalized by noting that it coincides with the inertia tensor, per mass unit, of a single massive particle located at r † = (p 5 , . . . , p n+4 ), with respect to some n-dimensional Euclidean reference system, rotating with angular velocity ω about an arbitrary axisω = ω/ω. Hence, M (m) µν can be decomposed as
Here M
, that is,
On the other hand, since R (m) is an orthogonal matrix with columns given by the principal-axes components, it follows the useful identity
From this equation, together with Eq.(44), one obtains
Observe that neither
µν follow a covariant transformation rule under R (m) . Hence, once expressed in terms of the mass eigenvectors, Eq. (48) explicitly depends on R. In fact, inserting Eqs. (51) and (52) into Eq. (48) we obtain
From this Lagrangian we immediately recognize the massive fields A (m)ā n , with mass m (m) , and various trilinearand quartic-interaction terms among them. It is worth emphasizing that all the mass terms are generated by the curvature components F 
Then, at first order in the fields, the NSGTs given by Eqs. (35b) and (35c) become
where use of relations (52) and (55) was done. This is what we called the unitary gauge, due to its similarity with the gauge used in the SM in which all pseudo-Goldstone bosons are set to zero. In such a gauge one has A
. Note that the L YM s-s Lagrangian plays the role of a Higgs potential, as it allows us to determine the presence of pseudo-Goldstone bosons and physical scalars.
The Lagrangian (47) is also affected by the orthogonal transformation (52). One has,
where relation (55) Continuing with the analogy between the KK and the Englert-Higgs mass-generating mechanisms, it should be recalled that in the SM any mass, emerged after SSB, is given as σv, with v the Fermi scale and σ a dimensionless parameter, so that a single dimensionful scale is enough to define all the masses of the model. In the model there coexist light and heavy masses due to different values of the dimensionless parameters σ. This is an important feature of the EHM. The KK mass-generating mechanism (KKM) also possesses this feature. In fact, if, as it has been done throughout the work, we assume in Eq.(44) that all radii are equal,
which shows that the infinite KK mass spectrum is determined only by one dimensionful scale, namely, R −1 . As in the case of the EHM, here some masses are heavier than others due to different values of dimensionless parameters, in this case, the diverse combinations of Fourier indices. So, for a fixed R −1 , we can have KK particles with increasing heavy masses by simply increasing the values of the Fourier indices. The lightest mass corresponds to the lowest configuration of Fourier indices. On the other hand, we can have a KK spectrum that is very heavy relative to the Fermi scale v by letting R → 0, which eventually would lead to the decoupling of these effects from low-energy observables, as it is established by the decoupling theorem [14] .
Previously, we have highlighted some similarities of the KKM with the EHM. However, there is an essential difference between the two mechanisms that we would like to discuss now. For clarity, let us introduce a more compact notation. In terms of the Lie's basis {T a }, the gauge fields and gauge parameters of the G group can be written as follows:
On the other hand, in terms of the basis generated by Pμ, {|0 , |p (m) }, the gauge fields and parameters of the SU (N, M d ) group can be written as follows:
parameter α (m)a defining a NSGT. Following with this analogy, one can say that associated with each unbroken generator Tā of G, there are a gauge field Aā µ and a gauge parameter αā defining a SGT; the set of generators Tā defining the Lie algebra of the subgroup H. On the other hand, in the KKM context, one says that associated with the base state |0 of Pμ, there are a set of gauge fields A (0)a µ and a set of gauge parameters α (0)a defining SGTs; both sets of gauge fields and gauge parameters defining the gauge group SU (N, M 4 ). In Table I we summarize these analogies. 
along the f (m) (x) directions are endowed with mass by the Kaluza-Klein mechanism. In order to recover the known particle spectrum of the standard theory, the basis {f (0) , f (m) (x)} was divided into two sub-bases: the basis of even
E (x)}, and the basis of odd functions, {f
O (x)}. It was postulated that, with respect to the reflectionx → −x, fields with standard counterpart are necessarily even, while fields without standard counterpart are odd. The Kaluza-Klein mass-generating mechanism operates through the generators of the translations group T (n) of the inhomogeneous group ISO(n). Because of this, it is natural to define the set of orthonormal functions
O (x)} as the eigenfunctions of the Casimir invariant of ISO(n) associated with the translations. Parity was introduced by assuming a compact manifold made of n copies of the orbifold S 1 /Z 2 . Dirichlet boundary conditions on the odd solutions were assumed, whereas Neumann boundary conditions were imposed on the even solutions. The eigenvalues of the Casimir invariant are the squared masses of the Kaluza-Klein particles. The zero eigenvalue correspond to the eigenfunction f (0) .
We have shown that there is an interesting parallelism of the Kaluza-Klein mass-generating mechanism with the Englert-Higgs mechanism. Common to both mechanisms is the concept of hidden symmetry, which sets the stage to endow gauge fields with mass. In the former case, we perform a canonical map between two internal gauge groups G v − → H; while in the latter one, the corresponding map takes place between two spacetime groups, ISO(1, 3 + n) (1, 3) . However, as to the mechanism that allows us to generate the mass terms in the theory, we have found that there is an essential difference between the two approaches. In the case of the Englert-Higgs mechanism, SSB tells us that there are a massive gauge boson, a pseudo-Goldstone boson, and a gauge parameter associated with each broken generator of G; this set of gauge parameters define the NSGTs, which in turn allow us to define the unitary gauge. In the same context, associated with each unbroken generator of G there are a gauge field and a gauge parameter; this kind of gauge parameters defines the gauge transformations associated with the subgroup H, which we have called SGT. In contrast, in the context of the Kaluza-Klein mechanism, we shown that there are a massive gauge boson, a pseudo-Goldstone boson, and a gauge parameter associated with each vector |p (m) = 0 of the basis generated by the Casimir invariant of the translations group T (n) ⊂ ISO(n); the complete set of this type of gauge parameters defines the NSGTs, which, as in the standard case, serve to define unitary propagators for the KK gauge excitations. In this case, the gauge fields and gauge parameters of the standard group SU (N, M 4 ) are aligned along the base state |0 . On the other hand, both mechanisms share the property of generating a mass spectrum that is given as the product of a dimensionless constant by the dimensionful scale of the theory.
Since the positions of the Fourier indices in the spaces of (m) are not relevant, but only the number of them that have been occupied, in practice one can use the following definition .
(68)
List of useful integrals and conventions
Recall that in Sec. , fields were defined on the base manifold M d , which is the product of the Minkowsky spacetime manifold in four dimensions, M 4 , and the compact manifold made of n copies of the orbifold S 1 /Z 2 . These fields were Fourier expanded using their periodicity and parity. In order to make the notation manageable, the following constant and functions were defined:
wherep ·x = 
The orthonormality of the set {f 
The integrals of combinations of the product of three even and/or odd functions with different Fourier modes, 
where ∆ (rms) = 1 √ 2 δ m, r+s + δ r, m+s + δ s, r+m , 
